2. Every 3-connected planar graph G that contains a k-path, a path on k vertices, also contains a k-path P such that for its weight (the sum of degrees of its vertices) in G holds w G (P ): = X A2V (P ) 
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Notation and preliminaries
We will adapt the convention that a graph is planar if it can be embedded in the plane (without edges crossing), and plane if it is already embedded in the plane. This paper will be concerned with simple plane graphs. The sets of vertices, edges and faces of such a graph G will be denoted by V (G), E(G) and F(G), respectively, or by V; E and F if G is known from the context.
The facial walk of a face of a connected plane graph G is the shortest closed walk induced by all edges incident with . The degree of a face is the length of its facial walk and is denoted by deg G ( ) or deg( ) if G is known from the context. The degree of a vertex A of a connected graph is the number of edges incident with A. Analogously the notation deg G (A) or deg(A) is used for a degree of a vertex A. Let a k-vertex be a vertex of degree k. Let an at most k-vertex, or for brevity, an (k?)-vertex, be a vertex of degree at most k. Similarly, let an (k+)-vertex be a vertex of degree at least k. Let a k-face, (k?)-face, and (k+)-face be de ned similarly.
Let an (a; b)-edge be an edge f if an a-vertex and a b-vertex are endvertices of f. Similarly, let an (a+; b+)-edge be an edge with a (a+)-vertex and a (b+)-vertex as endvertices. Similarly we de ne an (a; b+)-edge, an (a+; b)-edge, an (a; b?)-edge.
A 3-face is said to be the (a; b; c)-triangle or a triangle of type (a; b; c) if vertices incident with have degrees a, b and c.
Let a k-path and a k-cycle be a path and a cycle on k vertices, respectively. Let a k-path be an (a 1 ; a 2 ; : : : ; a k )-path if it passes through the vertices A 1 ; A 2 ; : : :; A k with a i = deg(A i ) for all i = 1; 2; : : :; k:
Let an (x; a; b; c)-star be a star K 1;3 which is a subgraph of a graph G with a central x-vertex and an a-vertex, a b-vertex and a c-vertex as leaves.
Let P c ( ; ) be the family of all c-connected plane graphs with minimum vertex degree at least , 3; and minimum face size at least . It is easy to see that ( ; ) 2 f(3; 3); (3; 4); (4; 3); (3; 5); (5; 3)g. Let P( ; ):= P 3 ( ; ).
For a subgraph H of a planar graph G, the weight w G (H) of H is de ned to be the sum of degrees of vertices of H in G; namely w G (H) = X A2V (H) deg G (A):
Introduction and results
It is well known that every planar graph contains a vertex of degree at most 5. In 1955 Kotzig K1] , K2] proved that every 3-connected planar graph contains an edge of the weight at most 13 in general and most 11 in the absence of 3-vertices, respectively. These bounds are best possible. In 1972 Erd os conjectured that Kotzig's theorem holds for all planar graphs G with minimum degree (G) 3. This conjecture was proved by Barnette, see G3] .
Already in 1904 Wernicke Wr] , trying to solve the Four Colour Problem, observed that each planar graph G of minimum degree 5 contains a (5; b)-edge with 5 b 6. Franklin Fr] extended this result to 3-paths. He proved that every planar graph G of minimum degree 5 contains a 3-path P 3 with w G (P 3 ) 17, the bound being best possible. In 1940
Lebesgue Le] proved that every graph G of minimum degree 5 contains a 3-star K 1;3 such that its central vertex has, in G, degree at most 5 and every its leaf has degree at most 8. These results were improved by Jendrol' and Madaras JM] who showed that every planar graph G of minimum degree 5 contains a (5; 5; b; c)-star, with 5 b 6 and 5 c 7, or a (5; 6; 6; 6)-star. The bounds 6 and 7 are best possible.
Recently van den Heuvel and McGuinness HM] proved that every planar graph of minimum degree at least 3 contains a (3; a)-edge for 3 a 11, or a (a; 4; b)-path for 3 a 7 and 3 b 11, or a (5; a; b; c)-star for 3 a 6 and a b 7 and b c 11.
The rst main result of this paper strengthens all above mentioned results.
Theorem 1. Every simple planar graph G of minimum degree (G) 3 contains Moreover, for every S 2 f(3; 10)-edge, (4; 4; 9)-path, (5; 4; 8)-path, (6; 4; 8)-path, (7; 4; 7)-path, (5; 5; 6; 7)-star, (5; 6; 6; 6)-starg there is a 3-connected plane graph H containing S and no other subgraph from the above list.
Note. The requirement on minimum degree 3 cannot be omitted as one can see from (B) Find the smallest integer w = w(k; ; ) such that whenever a graph G 2 P 3 ( ; )
contains a k-path there is a k-path P k in G with weight
The possibility (A) was recently investigated by Enomoto and Ota EO] . They proved that for k 4 8k ? 5 f(k; 3; 3) 8k ? 1
and conjectured the precise value of f(k; 3; 3) to be 8k ? 5. The problem (B) was formulated in FJ1]. The precise values of w(k; 3; 3) are known only for small k, e.g. w(1; 3; 3) = 5, w(2; 3; 3) = f(2; 3; 3) = 13 (Kotzig K1] ) and w(3; 3; 3) = f(3; 3; 3) = 21 (Ando, Iwasaki and Kaneko AIK] Note. As shown in J3] , no analogue of Theorem 2 can be proved for the family P 2 (3; 3).
More precisely: For every pair of integers m; k, m k 4, there is a 2-connected graph G in which every k-path P k has weight at least m, w G (P k ) m.
The restriction to 4-connected planar graphs brings a di erent behaviour. Recently Mohar Mo] proved that every 4-connected planar graph of order at least k contains a k-path P k of weight w G (P k ) 6k ? 1; the bound being tight. The di erence is that every 4-connected plane graph contains a k-path whose weight is bounded from above by a function linear in k while on the other side there are 3-connected plane graphs in which all k-paths have weight bounded from below by a function which is not linear in k.
Developing the ideas of the Mohar's proof Mo] we show that a linear in k upper bound is also true for a wider family of plane graphs. Namely, the third main result of this paper is Theorem 3. For G 2 P( ; ) let c(G) be the length of a longest cycle of G. Let k be an integer, 3 k c(G). If c(G) jV (G)j for some positive number then G contains a k-path P k such that w G (P k ) < 2 ? 2 ? 1 + k:
In fact this Theorem 3 is a corollary of the following more general result Theorem 4. Let G be a graph with v = jV (G)j vertices, e = jE(G)j edges, the length of a longest cycle c = c(G) and minimum vertex degree = (G). Let k be a positive integer k c. Then G contains a k-path P with w G (P) = X X2V (P ) Let S be a set of 3 vertices of a 3-connected planar graph G such that the graph G ? S obtained from G by removing S is disconnected (S is called a 3-separator in this case).
It is known that G ? S consists of exactly two components A and B. G is called to be essentially 4-connected if jV (A)j = 1 or jV (B)j = 1 for every 3-separator S of G. Theorem 6. Let G be an essentially 4-connected planar graph, and let k be an integer
. Then G contains a k-path P such that w G (P) 9k ? 1:
Moreover, there exists an essentially 4-connected planar graph H in which every k-path P has weight w H (P) 15 2 k ? 13 2 : The rest of the paper is organized as follows. In Section 3 we prove the rst part of Theorem 1 while in Section 4 we construct examples showing the quality of the upper bounds in Theorem 1. Section 5 contains a proof of Theorem 2(i). In Section 6 we sketch proofs of the rest parts of Theorem 2. Theorems 3, 4 and 6 are proved in Section 7. In Section 8 we add some remarks concerning the results and open problems. In subsection 8.3 we apply our Theorem 1 to prove that the chromatic number of the square of every planar graph is at most 2 + 19.
Proof of Theorem 1
Let G be a counterexample to our theorem on n vertices and having maximum number of edges among all counterexamples on n vertices.
Claim 1. G is a triangulation
Proof. Suppose G has an r-gon , r 4. Let A; B; C and D be four distinct consecutive boundary vertices of the face . Then at least one of edges AC; BD is not present in G.
Let B be a 3-vertex. If AC is not an edge of G then AC is inserted into . The result is again a counterexample because AC is an (12+; 12+)-edge. If AC is an edge of G then we insert the edge BD into . The edge BD becomes a (4; 4+)-edge. Because all neighbours of B in G are of degree at least 11, G + BD does not contain any (a; 4; b)-path from the list with B in the middle. If D is a 3-vertex, in G, then all its neighbours are also (11+)-vertices. If D is a 4-vertex, in G, then at most one of its neighbours has degree at most 7, hence inserting the edge BD cannot have as a result any K 1;3 star from the list of our theorem. If D is of degree at least 5 then it is easy to see that no subgraph of the list of the theorem can appear in G + BD.
Hence we can suppose that does not contain any 3-vertex. Let B be a 4-vertex. If AC is not an edge in G then its insertion into the face cannot destroy the counterexample because at least one of the vertices A; C is, in G, of degree at least 9, or both are 8-vertices. If AC is an edge then the edge BD is inserted into . Since, in G, any 4-vertex is adjacent to at most one vertex of degree at most 7 the insertion of BD into leads to a counterexample with one edge more than in G.
So it is enough to consider the case when is not incident with any vertex of degree at most 4. If the edge BD is not present in G we add it into , otherwise we insert the edge AC into . In both cases the result is a counterexample with one edge more than in G.
In the following let M(G) be the subgraph of the graph G induced on vertices of degrees at most 5 (we will call them minor vertices).
The following properties of M(G) can be easily seen.
Property 1. To get a contradiction we use the Discharging method in the rest of the proof. We attribute to each vertex A the charge c(A) = 2 deg(A) ? 6 and to each face the charge c( ) = ?3. These charges of the vertices and faces will be locally changed to charges 2.8. Let R = B(C r + 2 10 ? 6 10 2 + 6 5 2 + 13 10 2 + 7 5 + 3 2 2 = 1 5 :
PATHS OF LOW WEIGHT IN PLANAR GRAPHS 11 b) If r 4 then the block R is associated with a component of M(G) which is an r-path P r consisting of a 4-vertex which is terminal vertex of P r and r ? 1 vertices of degree 5. So, in R we have one edge of type (4; 5) and r ? 2 edges of type (5; 5). In this section we provide examples of 3-connected plane graphs showing the quality of the bounds from the rst part of the theorem. We need two more notions. By placing a pyramid into a face of a 3-connected plane graph we mean placing a new vertex into the face and joining it to all the vertices incident with . The kleetope K(G), see e.g. G1] , of a 3-connected plane graph G is de ned to be the triangulation obtained from G by placing a pyramid into each face of G.
4.1. A kleetope of the icosahedron contains only (3; 10)-edges and (10; 10)-edges, so the bound 10 in the case (i) of our theorem is sharp. 4.2. Jendrol' J3] provides an example of a 3-connected plane graph that contains only (4; 4; 9)-paths from the list of our theorem. To get this graph, take the dual of the wellknown (3; 5; 3; 5)-archimedean solid, and join every two 5-vertices in a common face by a path consisting of two 4-vertices (The former 3-vertices now have degree 9, while the former 5-ones become 10-vertices).
4.3. A plane graph having only (5; 4; 8)-paths from the list of our theorem can be obtained in the following way: Take a 2n-sided prisma, n 4, with two 2n-gons = A 1 ; A 2 ; : : :; A 2n ] and = B 1 ; B 2 ; : : :; B 2n ] and 2n quadrangles A i ; A i+1 ; B i+1 ; B i ], i = 1; 2; : : :; 2n (indices modulo 2n). Insert a vertex C 2j into the edge A 2j ; A 2j+1 and a vertex C 2j?1 into the edge B 2j?1 B 2j ; j = 1; 2; : : :; n. Then insert a vertex A 0 (a vertex B 0 ) into the face ( ) and join it with the vertex C 2j (C 2j?1 ) for any j = 1; 2; : : :; n. The resulting graph H has only 5-faces A 2j ; C 2j ; A 2j+1 ; B 2j+1 ; B 2j?1 ], B 2j+1 ; C 2j+1 ; B 2j+2 ; A 2j+2 ; A 2j+1 ], A 0 ; A 2j+1 ; A 2j+2 ; C 2j+2 ] and B 0 ; C 2j?1 ; B 2j ; B 2j+1 ; C 2j+1 ] for any j = 1; 2; : : :; n. Each of these 5-faces is then splitted into nine triangles, one 5-vertex and two not adjacent 4-vertices as shown in Fig. 1 in such a way that the vertex Z of Fig. 1 coincides with the vertex A 0 or B 0 if the 5-face contains one of these vertices and with the vertex C 2j or C 2j+1 otherwise. In the resulting graph G all former vertices A i ; B i , and C i , i = 1; 2; : : :; 2n become 8-vertices. It is easy to see that G ful ls our requirements. Fig. 1 4.4. To show the existence only (6; 4; 8)-paths from the list of our theorem in a plane graph we proceed as follows: Take a graph of 2n-sided prisma, n 4, with two 2n-gons = A 1 ; A 2 ; : : :; A 2n ] and = B 1 ; B 2 ; : : : ; B 2n ] and 2n quadrangles A i ; A i+1 ; B i+1 ; B i ], i = 1; 2; : : :; 2n (indices modulo 2n). Insert a new vertex A 0 (B 0 ) into the face ( ) and join it with vertices A 2j (B 2j?1 ), respectively for all j = 1; 2; : : :; n. The result is a graph H all faces of which are quadrangles and all edges are either (3; 4)-edges or (4; n)-edges. If we insert into each edge of H a new vertex we obtain a graphH. To obtain a required graph G a new vertex is inserted into each face ofH and is joined with all eight vertices of the face ofH. The former k-vertices, k = 3; 4; or n, now have degree 2k, while the former 2-vertices become 4-vertices. The vertices inserted into faces ofH are now 8-vertices. 4.5. For a plane graph that contains only (7; 4; 7)-paths from the list see e.g. Jendrol ' J2] .
It can be obtained from the graph of rhombicuboctahedron by placing a pyramid into each of its 4-faces.
4.6. In Jendrol' and Madaras JM] there can be found a rather complicated example of a 3-connected plane graph having only (5; 5; 6; 7)-stars from the list of Theorem 1. 4.7. A kleetope of the dodecahedron is a good example showing that the (5; 6; 6; 6)-star cannot be omitted from the list of our theorem.
Proof of Theorem 2(i)
The lower bound was proved in FJ2]. The proof of the upper bound is by contradiction. For a given positive integer k let G be a counterexample to our statement having n vertices and the largest possible number of edges among all counterexamples on n vertices. A vertex X of G is called major if deg G (X) > k; otherwise it is called minor.
For a vertex X of G let C X be a cycle induced in G by all edges of all faces incident with the vertex X not having X as an endvertex (i.e. edges not incident with X). Clearly all neighbours of X are in V (C X ) and the length of C X is at least deg G (X). (1) Each k-path P in G has weight w G (P) k 2 + 13k + 1:
(2) Each r-face of G; r 4, is incident with at most two major vertices. Moreover, if contains two major vertices then they are adjacent.
Proof of (2). If G contains an r-face ; r 4, incident with two nonadjacent major vertices A and B then the graph G = G + AB obtained from G by inserting the diagonal AB into is again a counterexample on n vertices but with one edge more than G; a contradiction. (4) For every major vertex X there is deg M (X) 3. Proof of (4). From (3) immediately follows (M) 2. If M contains a 2-vertex X then by (3), k + 1 deg G (X) 2k. On C X there are two major vertices, say Y and Z, which divide C X into two subpaths P a and P b both consisting of minor vertices. Hence, the paths P a and P b have one end in minor neighbours A and B, respectively. Clearly a + b k ? 1.
These two paths together with the edges AX and XB form an l-path, l k. This path contains as a subgraph a k-path P all vertices of which, except possibly X, are minor. So for P we have w G (P) k(k ? 1) + 2k = k 2 + k; a contradiction with the property (1).
Due to (4) we may apply to M our Theorem 1. By it there is a major vertex A with deg M (A) = a 5 that has on C A in G at most ve major neighbours. Due to (2) all other vertices of C A are minor. Among these major neighbours of A there are two, say Y and Z, whose degrees are not known, and (5) For the vertex T 2 fB; C; Dg with deg M (T) = t there is deg G (T) (t ? 1)k. Proof of (5). Suppose deg G (T) (t ? 1)k + 1. Consider the cycle C T . Except of the vertex A of degree ak 5k there are other t?1 major vertices on C T . These major vertices split C T into t ? 1 subpaths. At least one of these subpaths contains a k-path P on k ? 1 minor vertices and the k-th (possibly exceptional) vertex of this path is either a minor vertex or the vertex A which has, by (3), degree at most ak 5k. This means that for the k-path P we have w G (P) k(k ? 1) + 5k = k 2 + 4k, a contradiction.
(6) For the major vertex A there is deg G (A) 2k. Proof of (6). To see this consider, for a contrary, that the cycle C A has at least 2k + 1 vertices. There are at most ve major vertices among them (all are neighbours of A), namely the vertices Y and Z, and at most three from the set fB; C; Dg as described above. The vertices Y and Z divide the cycle C A into two subpaths P m and P n with m + n 2k ?1. Hence maxfm; ng k and on C A there is a k-path P all vertices of which except of at most three (from the set fB; C; Dg) are minor. This path has in the case (i) the weight w G (P) k(k ? Because A is a major vertex, jC A j k + 1 and the vertices Y and Z divide the cycle C A into two subpaths that contain two subpaths P r and P s with r + s k ? 1 starting in vertices R and S which are neighbours of A in G. These two subpaths together with the vertex A and edges RA and AS form an l-path, l k, which contains as a subgraph a k-path P passing through at least (k ? 4) minor vertices and at most four vertices from the set fA; B; C; Dg.
Applying Properties (5) and (6), and distinguishing three cases (i), (ii) and (iii) according to the degree of A in M we obtain, similarly as in the proof of (6), the following upper bound on w G (P), the weight of P, w G (P) k 2 + 13k; which is a contradiction as well.
Proof of Theorem 2(ii) and 2(iii)
First we prove the lower bounds. We start with the plane triangulation T t constructed in JF2] in which each t-path P has weight at least t log t. Into each triangle = A 1 ; A 2 ; A 3 ] we rst insert a con guration obtained from a graph of the cube (the dodecahedron) by deletion of a vertex A 0 so that the neighbours of A 0 are identi ed to the vertices of .
Then the original edges of T t are deleted. The result is a plane graph Q t (P t ) all faces of which are 4-faces (5-faces and 6-faces) the original vertices of T t have now doubled degrees and in any path of Q t (P t ) between any two consecutive vertices formerly in T t there are at most 3 (15) vertices. So each 4t-path (16t-path) in Q t (P t ) has weight at least 2t log t + 3 (3t) = 2t log t + 9t (2t log t + 3 (15t) = 2t log t + 45t; respectively): So if we put t = k In this section we are going to prove Theorems 3, 4 and 6. We start with Proof of Theorem 4. Let C be a longest cycle of G. For the number e of edges of G;
For X 2 V (C), let P(X) denote the path on C starting in X and following a xed orientation of C such that jV (P(X))j = k (because k c this is possible). Then every vertex of C is contained in exactly k of these c paths. Hence, Proof. Consider G to be embedded into the plane . For a cycle C of G, the bounded and the unbounded part of n C are denoted by int(C) and out(C), respectively. A cycle C of G is called to be int-feasible if, for every X 2 V (G) \ int(C); deg(X) = 3; N(X) V (C), and any two Y; Z 2 N(X) are not neighboured on C. A cycle to be out-feasible is de ned similarly. Recall that N(X) denotes the neighbourhood of X.
Lemma 1. Given an int-feasible cycle C of G on at least 4 vertices, jV (G) \ int (C)j jV (C)j 2 ? 2: Proof. By induction on c = jV (C)j. If c = 4 then C is int-feasible only if jV (G) \ int(C)j = 0. Let c > 4; d = jV (G) \ int(C)j > 0, and be an orientation of C. Consider a xed X 2 V (G) \ int(C) and let X 1 ; X 2 ; X 3 be the neighbours of X on C met in this sequence following . For i = 1; 2; 3, let C i be the cycle obtained by the union of the path on C from X i to X i+1 following and the two edges XX i and XX i+1 (X 4 = X 1 ); c i = jV (C i To prove the second part of Theorem 6, take a 4-connected plane triangulation H containing only 5-and 6-vertices such that the distance between arbitrary two 5-vertices is at least k. Let K(H) be the kleetope of H. Then K(H) contains 12 vertices of degree 10, jV (H)j ? 12 vertices of degree 12, the remaining vertices of K(H) are independent 3-vertices, and every 3-separator forms the neighbourhood of a 3-vertex. Since every k-path P contains at most one vertex of degree 10, we are done. Theorem 2, on the other side, gives for G 2 P(3; 3); G containing a k-path, the upper bound k(k + 13) on w G (P The number e edges of planar graph G is bounded by e 3v ?6 or e 2v ?4 in general and in the absence of 3-faces. Using these inequalities in Corollary 8.1 we obtain Corollary 8.2. If a planar graph G has a perfect matching then it contains an edge h of weight w G (h) 11 and w G (h) 7 in general and in the absence of 3-faces, respectively. Proof. Suppose there is a counterexample. Let H be one with the minimum number of vertices. Evidently the minimum degree of H is at least 3. By Theorem 1 the graph H contains an (a; b)-edge e = XY with deg H (X) = a, deg H (Y ) = b and deg H 2 (X) 2 +18 with values a = 3 and b 10, or a = 4 and b 7, or a = 5 and b 6, and H 2 being the square of H. If the edge e is contracted into a vertex Z and all multiple edges are simpli ed, the resulting graph H has the same maximum degree but it is not a counterexample. The square of H has a colouring with 2 +19 colours. This colourings induces a colouring with 2 + 19 colours of the graph H in which all vertices except of X and Y are coloured. Then the colour of vertex Z is assigned to the vertex Y . As the vertex X has, in H 2 , at most 2 + 18 neighbours it can be coloured with one of the available 2 + 19 colours, a contradiction.
